Solution to exercises second week by Ritelli, Daniele
Exercises: week # 2
1. Find the minimum of f(x, y) = x2 + 2y2 + 2xy − 18 subject to the constraint x− y = 1
2. Find the maximun of f(x, y) = 10x + 5y subject to the constraint 20x− x2 + 15y − y2 = 55
3. Given B = {(x, y) ∈ R2 : 2 = x2 + y2}, C = {(x, y) ∈ R2 : 8 = x2 + y2}, A = B ∪ C, and
f(x, y) = −x− y find sup
(x,y)∈A
f, inf
(x,y)∈A
f
4. Solve the separable differential equationsy
′(x) = xy2(x)
y(0) = 1
y′(x) =
1
xy(x)
y(2) = 1
5. Solve initial value problem for the homogeneous equationy′ =
y2 − x2
2xy
y(1) = 2
6. Solve the linear differential equationsy′(x) = −
3
x
y(x) + 3x3
y(1) = 1
y
′(x) = 2xy(x) + x
y(0) = 2
7. Solve the linear initial value problem{
y′′′ − 3y′′ = 0
y(0) = 1, y′(0) = 3, y′′(0) = 9
8. Solve the Bernoulli equation y′(x) =
y(x)
x
− x3y4(x)
y(1) = 1
9. Find y′′(0) if y(x) is solution to y′(x) = y(x)−
x2
y(x)
y(0) = 1
Solutions
1.

2x + 2y = m
2x + 4y = −m
x− y = 1
=⇒ x = 3
5
, y = −2
5
, m =
2
5
. Bordered hessian Λ =
 2 2 12 4 1
1 1 0
 hence
minimum since the determinant is −2
2.

10− 20m + 2mx = 0
5− 15m + 2my = 0
20x− x2 + 15y − y2 = 55
=⇒ x = 19, y = 12, m = −5
9
, and x = 1, y = 3, m =
5
9
. Bordered
hessian Λ1 =
 − 109 0 −180 − 109 −9−18 −9 0
 and Λ2 =
 109 0 180 109 9
18 9 0
 It is det Λ1 = 450, det Λ2 = −450
hence (19, 12) is a relative maximum.
3. We have to consider two Lagrangean
L1(x, y;m) = −x− y −m(x2 + y2 − 2), L2(x, y;m) = −x− y −m(x2 + y2 − 8)
with the to relevant systems for critical points
−1− 2mx = 0
−1− 2my = 0
x2 + y2 = 2

−1− 2mx = 0
−1− 2my = 0
x2 + y2 = 8
1
From the first system we get the critical points P (1, 1), Q(−1,−1) and for the second R(2, 2), S(−2,−2).
So we can infer by inspection that
sup
(x,y)∈A
f = f(−2,−2) = 4, inf
(x,y)∈A
f = f(2,2) = −4
4. y(x) =
2
2− x2 and y(x) =
√
2 lnx + 1− ln 4
5. y(x) =
√
(5− x)x
6. y(x) = 3x
7+4
7x3 and y(x) =
1
2
(
5ex
2 − 1
)
7. Put u(x) = y′′(x) and observe that the given initial value problem reads as{
u′(x)− 3u(x) = 0
u(0) = 9
(1)
Solution to (1) is y′′(x) = u(x) = 9e3x. Now integrate from 0 to x to get∫ x
0
y′′(s)ds =
∫ x
0
9e3sds ⇐⇒ y′(x)− y′(0) = 3 (e3x − 1)
Minding that y′(0) = 3 we then infer that
y′(x) = 3e3x
Integrating again we get∫ x
0
y′(s)ds =
∫ x
0
3e3sds ⇐⇒ y(x)− y(0) = e3x − 1
But y(0) = 1 so solution of the given initial value problem is
y(x) = e3x
8. y(x) =
3
√
7x
3
√
3x7 + 4
9. There is no need to solve the given Bernoulli equation to answer. In fact taking the derivative of
the the differential equation, we get
y′′(x) = y′(x) +
x2y′(x)− 2xy(x)
y2(x)
so we see that y′′(0) = y′(0). To evaluate y′(0) we use again the differential equation
y′(0) = y(0) = 1
Conclusion y′′(0) = 1
Remark Solution to differential equation is
y(x) =
√
2x2 + 2x + 1 + e2x√
2
2
